
Ó· ‰ÂÈ¯ıÂ› fiÙÈ Ë f Â›Ó·È ÁÓ‹ÛÈ· Êı›ÓÔ˘Û· ÛÙÔ 

(0,·).

ŒÛÙˆ Ë Û˘Ó¿ÚÙËÛË , ‰‡Ô ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË
ÛÙÔ R ÌÂ Î·È ÁÈ· Î¿ıÂ ÈÛ¯‡ÂÈ 

.
¢Â›ÍÙÂ fiÙÈ ÁÈ· Î¿ıÂ  ÈÛ¯‡ÂÈ . 

¢›ÓÂÙ·È Ë  ·Ú·ÁˆÁ›ÛÈÌË Û˘Ó¿ÚÙËÛË ÌÂ 
ÁÈ· Î¿ıÂ Ó· ‚ÚÂıÂ› ÙÔ . 

ŒÛÙˆ Ë Û˘Ó¿ÚÙËÛË ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ [·,‚] ÌÂ 

Û˘ÓÂ¯‹ ÛÙÔ [·,‚] ÁÈ· ÙËÓ ÔÔ›· ÈÛ¯‡ÂÈ fiÙÈ
Î·È   

·) ¢Â›ÍÙÂ fiÙÈ f(·).e· =f(‚).e‚

‚) ¢Â›ÍÙÂ fiÙÈ ̆ ¿Ú¯ÂÈ xo (·,‚): f(x0) = - (xo) 

∏ f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (0,·) ÌÂ 

∆Ô ÚfiÛËÌÔ ÙË˜ ·Ú·ÁÒÁÔ˘ ÂÍ·ÚÙ¿Ù·È ·ÔÎÏÂÈÛÙÈÎ¿ Î·È
ÌfiÓÔ ·fi ÙÔ ÚfiÛËÌÔ ÙÔ˘ ·ÚÈıÌËÙ‹. £ÂˆÚÔ‡ÌÂ Î·È Û˘-
Ó¿ÚÙËÛË g ÌÂ 

∏ g Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ (0,·] Î·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (0,·)ÌÂ

°È· Î¿ıÂ Â›Ó·È Î·È ¤ÙÛÈ Ë g Â›Ó·È

ÁÓ‹ÛÈ· ·‡ÍÔ˘Û· ÛÙÔ (Ô,·] ¿Ú· gmax=g(·) = 0 Î·È ·ÎfiÌË
g(x) <g(·) g(x) <0.  

√fiÙÂ ¿Ú· Ë g Â›Ó·È ÁÓ‹ÛÈ· Êı›ÓÔ˘Û·

ÛÙÔ (0, ·).

£ÂˆÚÔ‡ÌÂ ÙË Û˘Ó¿ÚÙËÛË ¤¯Ô˘ÌÂ:

∆Ô ÚfiÛËÌÔ ÙË˜ ÂÍ·ÚÙ¿Ù·È ·fi ÙÔ ÚfiÛËÌÔ ÙË˜

. E›Ó·È 

(‰ÈfiÙÈ ). ÕÚ· Ë º Â›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ R.

°È· x=0 Â›Ó·È 

™˘ÓÔÙÈÎ¿

ÕÚ· .

√fiÙÂ ¤¯Ô˘ÌÂ Û˘ÓÔÙÈÎ¿ ÙÔÓ ›Ó·Î·

°È· Â›Ó·È g(x) g(0) g(x) 0
°È· x 0 Â›Ó·È ÔfiÙÂ ÁÈ· Î¿ıÂ 

∏ Û˘Ó¿ÚÙËÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÛÙÔ R. 

°È· ÙÔ fiÚÈÔ ÛÙÔ , ¤¯Ô˘ÌÂ fiÙÈ ÁÈ· Î¿ıÂ x>0, Ë f ÈÎ·ÓÔÔÈ-
Â› ÙÈ˜ ÚÔ¸Ôı¤ÛÂÈ˜ ÙÔ˘ £ª∆ ÛÙÔ [0,x], ÔfiÙÂ ̆ ¿Ú¯ÂÈ ÙÔ˘-
Ï¿¯ÈÛÙÔÓ ¤Ó· Ù¤ÙÔÈÔ ÒÛÙÂ

ŸÌˆ˜ ¿Ú· ÈÛ¯‡ÂÈ fiÙÈ 

∂›Ó·È ¿Ú· Î·È 

√fiÙÂ 

‚) ŒÛÙˆ Ë Û˘Ó¿ÚÙËÛË g(x)=f(x)ex, x [·,‚]
- g Û˘ÓÂ¯‹˜ ÛÙÔ [·,‚] ̂ ˜ ÁÈÓfiÌÂÓÔ Û˘ÓÂ¯ÒÓ
- g ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (·,‚) ÌÂ 
- g(·)=g(‚)  (·fi (·) ÂÚÒÙËÌ·)
¿Ú· ·fi ıÂÒÚËÌ· Rolle ̆ ¿Ú¯ÂÈ 
x0 (·,‚):

 

⇔ f′(x0) + f(x0) = 0 ⇔ f′(x0) = -f(x0)

g′(x0) = 0 ⇔ f′(x0)exo+f(x0)exo = 0∈

g′(x) = f′(x)ex+f(x)ex

∈

⇔f(β)⋅ eβ - f(α)⋅ eα = 0⇔ f(β)⋅ eβ = f(α)⋅ eα

⇔f(β)⋅ eβ - f(α)⋅ eα - f(x)⋅ exdx = 0⇔
α

β

f′(x)⋅ exdx = 0
α

β

⇔ f(x)⋅ ex
α
β
 - f(x)⋅ (ex)′dx = 0

α

β

§Y™H 4Ô˘ £∂ª∞∆√™

lim

x→+∞

2ex2 + 2x2ex2

(2+4x2)ex2
 =

lim

x→+∞

2+2x2

2+4x2
 = 1

2

lim

x→+∞

x f′(x) + f(x)

2xex2
 =

lim

x→+∞

2f′(x) + xf″(x)

2ex2
+ 4x2ex2

lim

x→+∞
f(x) = +∞lim

x→+∞
f(0)+x  = +∞

f(x) = f(0)+xeξ2 > f(0)+xe0 ⇔ f(x) > f(0)+x

eξ2 >e0

⇔ f(x) = f(0) +xf′(ξ) ⇔ f(x) = f(0) +x⋅ eξ2

f′(ξ) = f(x) - f(0)

x-0
 ⇔ f(x) - f(0) = x⋅ f′(ξ)

ξ ∈ (0,x)

+∞

x⋅ f(x)

ex2

§Y™H 3Ô˘ £∂ª∞∆√™

g(x) ≤ g(0) ⇔ f(x)
ex

 -1 ≤ 0 ⇔ f(x) ≤ex, x∈R

x∈Rg(x) ≤ g(0) ⇔ g(0) ≤ 0≥
≤⇔≤x≤0

g′(x) = Φ(x)
ex

 = 0 ⇔ Φ(x) = 0 ⇔ x=0

ϕ(0) = f′(0) - f(0) = 1-1 =0

f″(x) < f′(x)

Φ′(x) = f″(x) - f′(x) ⇔ Φ′(x) < 0Φ(x) = f′(x) - f(x)

g′

g′(x) =
f′(x)⋅ ex - f(x)⋅ ex

(ex)2
 =

f′(x) - f(x)

ex
, x∈R

g(x) = f(x)
ex

 -1, x∈R

f(x) ≤ ex ⇔ f(x)
ex

 ≤ e
x

ex
 ⇔ f(x)

ex
 -1≤0 (;)

§Y™H 2Ô˘ £∂ª∞∆√™

f′(x) = g(x)

(x-α)2
 < 0

⇔

g′(x) = α-x
x2

 >0x∈(0,α)

g′(x) = 0 + α
x2

 - 1
x

 = α-x
x2

 

g(x) = 1-α
x

 - lnx+lnα, x∈(0,α)

=
1
x

 ⋅ (x-α) - (lnx-lnα)

(x-α)2
 =

1 - α
x

 - lnx+lnα

(x-α)2

f′(x) =
(lnx - lnα)′ ⋅ (x-α) - (x-α)′ (lnx-lnα)

(x-α)2

§Y™H 1Ô˘ £∂ª∞∆√™

§Y™∂π™

f′∈

f′(x)⋅ exdx = 0
α

β

f(x)⋅ exdx = 0
α

β

f′

f:[α,β]→R

4Ô £∂ª∞ 

lim

x→+∞

x⋅ f(x)

ex2

x∈R
f′(x) = ex2f: R→R

3Ô £∂ª∞ 

f(x) ≤ exx∈R
f″(x) < f′(x)

x∈Rf(0) = f′(0) =1

f: R→R

2Ô £∂ª∞ 

f(x) = lnx - lnα
x-α

1Ô £∂ª∞ 

ª·ıËÌ·ÙÈÎ¿ K·ÙÂ‡ı˘ÓÛË˜
¶ ∞ ¡ ∂ § § ∏ ¡ π ∂ ™  
∂ • ∂ ∆ ∞ ™ ∂ π ™  
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